We study quantum effects of strong driving field applied to dissipative hybrid qubit-cavity system which are relevant for a realization of quantum gates in superconducting quantum metamaterials. We demonstrate that effects of strong and non-stationary drivings have significantly quantum nature and can not be treated by means of mean-field approximation. This is shown from a comparison of steady state solution of the standard Maxwell-Bloch equations and numerical solution of Lindblad equation on a density matrix. We show that mean-field approach provides very good agreement with the density matrix solution at not very strong drivings f < f * but at f > f * a growing value of quantum correlations between fluctuations in qubit and photon sectors changes a behavior of the system. We show that in regime of non-adiabatic switching on of the driving such a quantum correlations influence a dynamics of qubit and photons even at weak f .
Introduction
Quantum metamaterials are hybrid systems consisting of arrays of qubits coupled to the photon modes of a cavity [1] [2] [3] [4] [5] [6] [7] [8] . In solid state structures the qubits are realized using nitrogen-vacancy (NV) centers in diamonds [9] [10] [11] , and spins of 31 P dopants in 28 Si crystals [12] or Cr 3+ in Al 2 O 3 samples [13] , and superconducting Josephson qubits [14] [15] [16] . Among of others, the Josephson qubits are particularly perspective for an implementation of quantum gates [14, [17] [18] [19] due to their high degree of tunability. Frequency of excitation, given by an energy difference between ground and excited states, can be controllably tuned in a wide range using the external magnetic flux threading a loop of the qubit. Modern technology allows for a production of metematerial structures obeying sophisticated geometry and low decoherence effects.
High nonlinearity of the qubit excitation spectrum, combined with low decoherence, gives rise to unusual properties of quantum metamaterials, distinguishing them from the linear-optical metastructures. These unusual features are associated with intrinsic quantum dynamics of qubits and photon degrees of freedom. They are revealed in the optical response of a metamaterial to the external strong pump field, driving the system away from its ground state. A textbook example is the rotation on a Bloch sphere of the state of a single qubit subjected to an external field pulse. The well-understood solution for dynamics of a single qubit is commonly used as a key building block in the mean-field description of complex metamaterials containing a number of qubits and cavity modes. Assuming no correlations between the qubits and photons, one comes to the set of Maxwell-Bloch equations virtually describing qubits coupled to a classical field of the cavity and (or) external pump.
This article is devoted to the role of quantum entanglement between qubit and cavity modes of the superconducting metamaterial. Whereas it is generally clear that these correlation effects beyond Maxwell-Bloch scheme are revealed in strong-driving regimes, their quantitative role in an experimentally/technologically relevant situation is not yet studied. At the same time, such study is highly motivated by the quantum technology development, because a realization of qubit gates and operation of quantum simulators assume applying of driving fields of strengths comparable with qubit-cavity coupling energy. We argue that a quantitative description of an operation of realistic quantum metamaterials, which involve non-adiabatic and strong perturbations, assumes taking into account quantum correlations.
We present a study of the a simple yet realistic model of the quantum interface, defined as a dissipative hybrid system containing a resonant qubit being connected to the cavity mode and simultaneously subjected to the strong external field. We assume that the two-level system is highly anharmonic flux qubit, being a loop with several Josephson junctions, where highest levels are not excited by the external drivings. Hybridization between the qubit and the cavity mode provides a transfer of the pump photons to the cavity mode via qubit excitations. Therefore the internal qubit dynamics is fingerprinted in the cavity field, and can be later read out or transferred to another qubit. We describe the evolution of the many-body density matrix of the system using the Lindblad equation, and compare the results with whose obtained using Maxwell-Bloch approximation. We observe, that for a constant driving field the two approaches give almost same results (that is, qubit-cavity correlations are negligible) up to certain threshold value of the arXiv:1610.07461v1 [quant-ph] 24 Oct 2016 pump f * depending mainly on relaxation rates in a cavity and in a qubit. For higher pump field, the effect of correlations rapidly grow, making Maxwell-Bloch approximation quite inaccurate. There is a remarkable artifact which follows from the Maxwell-Bloch approach, but is not present in the many-body description: a hysteresis in photon number as a function of f . This behavior shows up in a certain range around of the threshold f * if a coupling energy between photons and the qubit is large enough. Furthermore, we find that non-adiabatic switching on of the driving, from zero to a certain value, reveals discrepancy between mean-field and exact solutions even for drivings below the steady-state threshold f * .
THEORETICAL APPROACH
Description of circuit quantum electrodynamics of superconducting metamaterials of qubits and transmission line are reduced to a Hamiltonian of Tavis-Cummings model [20] . In our analysis we start from more simple situation of a single qubit which is coupled to photon mode. Quantum mechanical description is reduced to well-known Janes-Cummings model which is exactly integrable. Namely, Hamiltonian of an isolated qubit-cavity system is
First term describes excitations in photon mode of the resonator, where bosonic operators a, a + obey commutation rules [a, a + ] = 1. Second term is related to excitations in qubit where σ + , σ − are Pauli operators. External transversal driving applied to a qubit is accounted for by
where f (t) is slow envelope function and ω is fast reference frequency. In our studies we are limited by single non-adiabatic switching of the form
The system under consideration is coupled to a dissipative environment, hence, we employ Lindblad equation on the density matrix ρ(t) dynamics written in manybody basis of qubit and photon states. The Lindblad equation reads as
where full Hamiltonian
and relaxations in qubit and cavity are taken into account by means of
In our numerical solution we calculate ρ(t) by means of direct integration of Lindblad equation in a truncated Hilbert space. In approximate mean-field techniques we derive equations on averages from this equation (2) as well.
Note that everywhere below we perform transition into rotating frame basis related to the main frequency ω of driving signal which is tuned in resonance with cavity mode frequency ω = ω R . The full Hamiltonian H(t) in (2), given by H JC + H ext (t), in this ω-rotating frame basis reads
where qubit detuning is
we derive equations for averages a , a + , σ ± , σ z . This is done with use of definitions, e.g. applied to a, by the following scheme
(5) We apply the following standard mean-field approximation: we factorize the averages
which appears in r.h.s. parts of equations on a , a + , σ ± , σ z . On the level of density matrix this corresponds to the introduction of the reduced density matrices ρ q and ρ ph and the full one ρ mf = ρ q ⊗ ρ ph . This factorization (6) is an approximation where we neglect correlation between fluctuations in qubit and photon mode (δσ ± , δσ z and δa, δa + )
After such the factorization (6) we end up with Maxwell-Bloch non-linear equations (we do not write for brevity)
Note, that photon number dynamics is found from solution for a(t) in such a mean-field technique as
RESULTS

Steady state regime
In this part of the paper we demonstrate a comparison between results obtained from solutions of Lindblad (full many-body density matrix) and Maxwell-Bloch (meanfield) equations in a wide range of drivings f . Here and below we are limited by fully resonant regime where = ω R , i.e. the detuning is zero ∆ = 0. We evaluate numerically the f -dependences for qubit excited state occupation number n q , generated photon number n in the cavity and correlators δaδσ z,± . All the data presented in the paper are obtained for the system with the parameters Γ 1 = 0.5 MHz, κ = 0.4 MHz. This section is devoted to the steady-state regime emerging after a long evolution of the system subjected to the driving field having a constant amplitude and phase.
We observe from Figures 1 and 2 a very good agreement between the mean-field and the full density matrix solutions for n ph and n q at f < f * where the value of f * divides a ranges of weak and strong field steady state regimes. At f > f * we observe an agreement for qubit occupation number which is n q = 1/2 in both of solutions. Indeed there are significant distinctions in behavior of photon degree of freedom: in strong field limit of f > f * the photon number n decays to zero in Maxwell-Bloch solution but saturates to a finite value in the Lindblad numerical calculation.
The steady state solution of Maxwell-Bloch equations can be analyzed to explain the observed differences. Taken the l.h.s. parts of the equations (8, 9) and their conjugates equal to zero, the following relations between a , a + , σ ± and n q = (
Combining these results with (10) with zero l.h.s. part we obtain the relation between n ph and n q
The relation between qubit occupation number itself and driving amplitude f is given by the implicit expression which can be found from (12) as well n q , full ρ n q , m. f. analyt. n q , m. f. num.
FIG. 2: Qubit occupation number vs driving amplitude f in the steady state regime
Definitely, the zero value of n ph resulting from Eq. (13) at large f , when qubit occupation number is saturated to n q = 1/2 (see Fig. 2 ), is wrong. A correct value for n ph can be easily found from the Hamiltonian (4) in the limit of f g. Namely, qubit ground state in such a limit is odd superposition |ψ gs = (|g − |e )/ √ 2, and, hence, σ ± = 1/2. After that, we find perturbatively steady state a = −2i(g/κ)σ − from (8) for the dissipative system, yielding n ph = |a| 2 = (g/κ) 2 from the mean-field definition of n ph (11) . This result is in agreement with the tendency to saturation of photon number n ph at large f observed in the numerical solution.
Other comment is about the bistability region in the Maxwell-Bloch result seen in Figure 1 and 2. Mathematically it is due to the fact that (14) is a 3-rd order equation with respect to f . There exists a range for f , where three solutions for n q , and, consequently, three values of n ph at a given f are possible. The condition for an existence of the three solutions in Maxwell-Bloch equations in this stationary regime is
This condition follows from the expression for two extrema of the inverse relation between n q and f (shown as dased curve in Fig. 2) :
One of the three solutions appears unstable and does not show up in the curves obtained numerically. The two others are stable and give rise to a bistability regime similar to the one in [21] where a driving was applied to photon mode. We insist, however, that the solution of the Lindblad equation for the many-body density matrix does not contain such a bistable regime and we therefore interpret it as an artifact of the mean-field approximation.
It is important that non-zero correlators δaδσ z,± demonstrate the increase of the effect of quantum fluctuations in the regime of strong driving f > f * , see Fig. 3 . In the regime of strong coupling (15) the typical f * can be estimated from the mean-field relation (14) as follows
As it is seen from the curve for n ph these fluctuations make a significant contribution in the photon sector of the system. Value of the fluctuations can be perturbatively estimated from the Maxwell-Bloch equations :
This correlator saturates to a non-zero value of
in the limit of strong driving where the qubit occupation number is n q = 1/2. In the Figure 3 we present the results for the correlators obtained from the Lindblad solution for the full density matrix. The saturation of δaδσ + at high f , appeared in the mean-field approach, is observed in these data as well.
In Figure 4 we show the numerical results for the von Neumann entropy S = −Trρ ln ρ. The solid curve demonstrates S(f ) calculated from the Lindblad approach while the dashed one is related to the mean-field approximation where the effective Hamiltonian include the values of a , a + , σ ± found from the solution of Maxwell-Bloch equations. The difference between them at f > f * shows again that there is a significant entanglement between the qubit and photon degrees of freedom in the strong driving domain. The mean-field solution assumes that the many-body density matrix is a direct product of the qubit and photon ones ρ mf = ρ ph ⊗ ρ q , where the elements responsible for the entanglement are zero. These non-diagonal elements of the density matrix, taken into account in the solution of the Lindblad equation, increase the entropy. 
Non-stationary regime
The second result of our paper is that quantum corrections δaδσ z,+ play a significant role in the nonstationary dynamics of the quantum interface even at drivings less than the steady state threshold f * . This is demonstrated via time evolution of n ph (t) and n q (t) after the moment t = 0 when the external driving is suddenly switched on. The threshold value, observed for the steady state regime, is estimated as f ≈ 1.5g for our parameters of the system. We set the after-quench value of the driving at the smaller value f = g. Figures 5,  6 and 7 demonstrate the distinctions between the qubit and photon occupation number dynamics obtained from non-stationary solutions of the Maxwell-Bloch (8, 9, 10) and Lindblad equation (2) . In Figure 8 we present the results for von Neumann entropy as function of time at different values of the driving f . We observe a strong difference in values entropy found from solving of Lindblad (solid curves) and meanfield (dashed curves) equations. For f > f * , the entropy grows almost monotonically, until the saturation at the steady-state value. Contrary, for f < f * there is a pronounced maximum at t ≈ 4µs. The peak is present and the full-ρ result is different from the mean-field one even for a weak driving f = 0.1g, although the steady-state entropy is almost vanished for much larger f = 0.75g. This indicates an emergent entanglement between qubit and photon mode of the quantum interface being switched.
CONCLUSIONS
We have studied the response of a dissipative hybrid qubit-cavity system to the applied strong driving field, having in mind the future possible realization of quantum operations in superconducting quantum metamaterials. We demonstrated that for the case studied the many-body effects (or, equally, the entanglement between the qubit and photon excitations) are important and that the system cannot be treated by means of a mean-field approximation. This is shown from a comparison of analytical steady state solution of the standard Maxwell-Bloch equations and numerical simulations based on Lindblad equation on the many-body density matrix. Speaking more concretely, we have shown that mean-field approach, where the density matrix of the system can be represented via direct product of isolated qubit and photon ones ρ mf = ρ ph ⊗ ρ q , provides a good steady state solution up to certain threshold f * but at f > f * the strong discrepancy from the many-body result is observed. It is related with a growing value of quantum correlations between fluctuations of qubit and photons fields which start to play a significant role in behavior of the system. We show in our analysis that at large enough coupling energy between cavity and qubit modes the solution of Maxwell-Bloch equations reveals an artifact being a hysteresis in number of photons as function of the driving amplitude in vicinity of the threshold f * . Such a hysteresis has not been observed in the full density matrix solution. Also we have studied an effect of the non-adiabatic switching of the driving and show that there is a difference between mean-field and the density matrix solutions even for the drivings weaker than the steady state threshold f * .
Our findings demonstrate quantitative limitations of standard mean-field description and show the crossover between the classical and many-body quantum regimes. In the classical regime, the qubit virtually acts as a linear (Gaussian) degree of freedom; this regime cannot reveal a difference between the quantum and linear-optical metamaterials. When the two-level nature of the qubit plays an essential role, its entanglement with the cavity mode is also large and should be accounted. We also point out that the effect of correlations is revealed while the number of photons in the cavity mode is not small and one could naively expect that the cavity operates in a classical regime. In our solutions we have used parameters relevant for contemporary metamaterials involving highly anharmonic flux qubits, and we expect that the obtained results will find an application in realization of quantum gates in superconducting quantum circuits and metamaterials.
